Abstract. In this paper we study weakly almost periodic and uniformly continuous functionals on the Orlicz Figà-Talamanca Herz algebras associated to a locally compact group. We show that a unique invariant mean exists on the space of weakly almost periodic functionals. We also characterise discrete groups in terms of the inclusion of the space of uniformly continuous functions inside the space of weakly almost periodic functionals.
Introduction
Let G be a locally compact group and let A(G) denote the Fourier algebra associated with G. In 1973, Dunkl and Ramirez [1] defined the concept of almost periodic functionals on the Fourier algebra, extending the classical notion of almost periodic functions on locally compact abelian groups. Let 1 < p < ∞ and let A p (G) denote the Figà-Talamanca Herz algebra introduced and studied by Herz [7] . In [6] , Granirer extended the results of Dunkl and Ramirez to the A p (G) algebras.
In [9] , the authors have introduced and studied the L Φ -versions of the Figà-Talamanca Herz algebras. Here L Φ denotes the Orlicz space corresponding to the Young function Φ.
The space A Φ (G) is defined as the space of all continuous functions u, where u is of the form
where f n ∈ L Φ (G), g n ∈ L Ψ (G), (Φ, Ψ) is a pair of complementary Young functions satisfying the ∆ 2 -condition and
The aim of this paper is to extend the results of Granirer to the context of A Φ (G) algebras. More precisely, in section 3, we define the notion of weakly almost periodic functions and study its properties. We also show that a unique invariant mean exists on the space of weakly almost periodic functionals. In section 4, we take the study of uniformly continuous functionals and show that it is an algebra. Let G be a locally compact group with a left Haar measure dx. We say that a Young function Φ satisfies the ∆ 2 -condition, denoted Φ ∈ ∆ 2 , if there exists a constant K > 0 and x 0 > 0 such that Φ(2x) ≤ KΦ(x) whenever x ≥ x 0 if G is compact and the same inequality holds with x 0 = 0 if G is non compact.
Preliminaries
The Orlicz space, denoted L Φ (G), is a vector space consisting of measurable functions, defined as
The Orlicz space L Φ (G) is a Banach space when equipped with the norm
The above norm is called as the Luxemburg norm or Gauge norm. If (Φ, Ψ) is a complementary Young pair, then there is a norm on L Φ (G), equivalent to the Luxemberg norm,
given by,
This norm is called as the Orlicz norm. Let C c (G) denote the space of all continuous functions on G with compact support. If a Young function Φ satisfies the ∆ 2 -condition, then
the complementary function Ψ is such that Ψ is continuous and Ψ(x) = 0 iff 
For more details on Orlicz spaces, we refer the readers to [12] . Let Φ and Ψ be a pair of complementary Young functions satisfying the ∆ 2 condition. Let
The space A Φ (G) equipped with the above norm and with the pointwise addition and multiplication becomes a commutative Banach algebra [9 
denote the closure of {T µ : µ is a bounded complex Radon measure} in B(L Φ (G)) with respect to the ultraweak topology. It is proved in [9, Theorem 3.5] , that for a locally compact group G, the dual of A Φ (G) is isometrically isomorphic to P M Ψ (G). For further details see [9] . We shall denote by B Φ (G) the space of all continuous functions v : G → C such that uv ∈ A φ (G) for all u ∈ A Φ (G). Equip B Φ (G) with the operator norm. With this norm B Φ (G) becomes a commutative Banach algebra.
For u ∈ B Φ (G) and
With this action,
This action makes P M Ψ (G) ′ also into a B Φ (G)-module. We now define a multiplication on
For more details see [13] . Note that
and thus with the above action, the space
We shall denote by CV Ψ (G) the space of all bounded linear operators T :
Throughout this paper, G will denote a locally compact group and (Φ, Ψ) will denote a pair of complementary Young functions satisfying the ∆ 2 -condition.
Weakly almost periodic functionals
In this section, we study the properties of the space of weakly almost periodic functionals of A Φ (G). Our main aim in this section is to show that a unique invariant mean exists on the space of weakly almost periodic functionals.
We denote by AP Ψ ( G) and W AP Ψ ( G) the space of all almost periodic functionals and weakly almost periodic functionals respectively.
Proof. Note that (i) and (iii) are consequences of the definition of norm and the compact operator. Further, for any u, v ∈ A Φ (G), v, u.I = vu, I = (vu)(e) = u(e) v, I = v, u(e)I .
Since v ∈ A Φ (G) is arbitrary, it follows that u.I = u(e)I and thus (ii) is proved.
Let M(G) denote the space of all complex valued bounded Radon measures on G. If µ ∈ M(G), then µ can be considered as a linear functional on A Φ (G) as < µ, ϕ >:= ϕdµ for ϕ ∈ A Φ (G). By definition, it is also clear that µ is continuous and
Thus (i) follows.
(ii) It is enough to prove that M(G) ⊂ W AP Ψ ( G). In order to prove this, it is enough to show that the mapping u → u.µ from A Φ (G) to P M Ψ (G) is a weakly compact operator, for a probability measure µ on G. Note that this is equivalent to saying that the set {u.µ :
is relatively weakly sequentially compact, for a probability measure µ on G.
Since µ is a probability measure, it follows that
and hence S is continuous, in particular weakly continuous. Further, it follows from the definition of the operator S and from (i) that, for u ∈ A Φ (G), Su = u.µ. The conclusion now follows from the fact that the unit ball of L Φ (G) is weakly sequentially compact.
(iii) As any element of ℓ 1 (G) is a · M (G) limit of finite linear combinations of point masses, it is enough to prove that the point masses are in AP Ψ ( G). For any x ∈ G,
Here is the promised result on the existence of a unique invariant mean on W AP Ψ ( G). Thus, u α .T →< T, m > I in the weak*-topology. On the other hand, as T ∈ W AP Ψ ( G), it follows that there exists a subnet {u α β } of {u α } such that u α β .T converges in the weak topology of P M Ψ (G). Since weak convergence implies weak* convergence, it follows that u α β .T →< T, m > I in the weak topology.
(iii) We now prove the uniqueness. Let m ′ be any topological invariant mean on W AP Ψ ( G) and let m be the invariant mean provided by (i). Let T ∈ W AP Ψ ( G). By (ii), there exists a net {u α } in the unit ball of A Φ (G) such that u α → m in the weak*-topology. Further, there exists a subnet {u α β } of {u α } such that u α β .T →< T, m > I in the weak-topology. In particular,
Also, it follows from (ii) that,
Thus m ′ coincides with m restricted to W AP Ψ ( G). This proves the uniqueness of the invariant mean.
(iv) Let m be the unique topological invariant mean provided by (iii). We now claim that < µ, m >= µ({e}) for all µ ∈ M(G). Note that, it is enough to prove for positive µ ∈ M(G). Let 0 ≤ µ ∈ M(G). Let {U n } n∈N be a sequence of neighbourhoods of e in G such that U n is compact, U 2 n+1 ⊂ U n and µ(U n ) → µ({e}). For each n ∈ N, let u n be the function provided by [9, Proposition 5.5], corresponding to the neighbourhood U n . Note that u n → χ U , where V = ∩ n∈N U n . As χ U = χ {e} , µ a.e., it follows that u n → χ {e} , µ a.e.. Thus, for any u ∈ A Φ (G), we have, u n .u → u(e)χ {e} , µ a.e. and hence, by dominated convergence theorem,
i.e., u n .µ → µ({e})δ e in the weak*-topology of P M Ψ (G). As u n 's are bounded, and µ ∈ W AP Ψ ( G), there exists a subsequence {u n k } of {u n } such that u n k .µ converges weakly and hence in the weak*-topology. Thus, u n k .µ → µ({e})δ e in the weak topology. As, m is a topological invariant mean, it follows that m(µ) = m(u n .µ) for all n. Thus, m(µ) =m(µ({e})δ e ) = µ({e})m(δ e ) = µ({e}).
Uniformly continuous functionals
Definition 4.1. We define the following subspaces of P M Ψ (G) :
where bar denotes the closure in
. Then u n → χ {e} in the pointwise topology if and only if u n , T converges to T, m , for every
Proof. First, let x = e. Choose u ∈ A Φ (G) such that u(e) = 0 and u(x) = 0. Note that
Thus,
Further, observe that, for every x ∈ G, u n , δ x = u n (x). Hence the proof follows from these equalities. Since A Φ (G) is a regular Tauberian algebra and also as the canonical inclusion of P M Ψ (G) inside CV Ψ (G) is an A Φ (G)-module map, we have the following corollary.
Corollary 4.4. If T ∈ P M Ψ (G), then the support of T as an element of the dual of A Φ (G) coincides with the support of T as an element of CV
An immediate consequence of Theorem 2.1 is the following Lemma. For a proof of this see [7, Proposition 9] , where the case Φ(x) = |x| p , 1 < p < ∞, is considered. Proof. The fact that UCB Ψ ( G) is a closed subalgebra is a consequence of the above results on the support of an element of P M Ψ (G). Further, it is clear from the definition of
Corollary 4.9.
Proof. (i) follows from Corollary 4.8.
(ii) and (iii) follows from the fact that M(G) and
Proof. As P F Ψ (G) is a vector space, note that, in order to prove this proposition, it is enough to show that ST and T S are in P F Ψ (G) for any S ∈ P F Ψ (G) and T ∈ UCB Ψ ( G).
Further, as C c (G) is norm dense in P F Ψ (G) we can, without loss of generality, assume that S = T f for some f ∈ C c (G). Now, by Corollary 4.7, we can assume that T has compact support. On the other hand, by Corollary 4.4 and Lemma 4.5, it is enough to assume that T is of the form T g for some g ∈ C c (G). Now the conclusion follows from the fact that T f * g = T f T g .
Proof. The fact that C Ψ ( G) is a closed subalgebra follows from the definition of C Ψ ( G) while the other fact that C Ψ ( G) is an A Φ (G)-module is a direct consequence of Proposition 4.10.
Corollary 4.12. Let G be an amenable group. Then
Proof. Let T ∈ W AP Ψ ( G). Since G is amenable, by [10, Theorem 3.1] , it possesses a bounded approximate identity, say {u α }. Then u α .T ∈ UCB Ψ ( G), for all α. Note that u α .T converges to T in the weak*-topology of P M Ψ (G). On the other hand, using the definition of W AP Ψ ( G), it follows that {u α } has a subnet {u α β } such that u α β .T converges in the weak topology of P M Ψ (G). Let T ′ be the weak limit of {u α β .T }. Then, T = T ′ .
As UCB Ψ ( G) is a vector space, norm topology and weak topology coincides and hence T ∈ UCB Ψ ( G).
The other equality is a consequence of [10, Theorem 3.1] and Cohen's factorization theorem.
Corollary 4.13. Let G be a locally compact group. We have the following inclusions: (ii) is a consequence of the fact that the algebra ℓ 1 (G) has the identity element δ e , while (iii) follows from the fact that the algebra A Φ (G) possesses the constant 1 function.
Notation.
to be the weak-* closure of
(ii) For any closed set E ⊂ G, let 
Proof. Since G is locally compact, we shall, without loss of generality, assume that U has compact closure. Since G is second countable and the pair (Φ, Ψ) satisfy the ∆ 2 -condition, it follows that A Φ (G) is separable. In particular, S Φ A is separable. Let {u n } be a countable dense subset of S Φ A . Further, by assumption, the space X is also separable. Let {T n } be a countable dense subset of X. Let u ∈ S Thus the conclusion follows from [9, Theorem 5.6] .
(iii) We now claim that the set A is singleton. Observe that, by Corollary 4.14 and by our assumption,
. . In particular, m = m 0 on UCB Ψ ( G). Let T ∈ P M Ψ (G) and u ∈ S (iv) Here we show that the group G is discrete. The idea here is to use [9, Proposition 6.5] . By definition of compactness and the fact that G is second countable, there exists a sequence {u n } ⊂ {uv : v ∈ S Φ A } such that u n converges to m 0 in the weak*-topology. In particular, the sequence {u n } is a weakly Cauchy sequence in A U Φ (G). As A U Φ (G) is weakly sequentially complete (see [9, Theorem 3.9] ), there exists u 0 ∈ A Φ (G) such that u 0 , T = T, m 0 . In particular, it follows that A Φ (G)∩T IM Ψ ( G) = ∅. Now the conclusion follows from [9, Proposition 6.5].
It is easy to see that

